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It is well known that every flat right module over a given ring R is projective if and 
only if R satisfies the minimum condition for finitely generated left ideals. More 
generally, for a skeletally small preadditive category %? every flat %-module (for the 
definition see the following section) is projective if and only if the Yoneda functor 
(-, C) satisfies the minimum condition for finitely generated 5PP-modules for any 
object C in V (cf. [ll]). 
In the study of the projective dimension of flat modules and of the pure projective 
dimension of objects in a Grothendieck category it turns out to be useful to consider 
the following property for an object M (cf. [3, 4, 11, 131). 
(UK,): M is a directed union of &-presented pure sub-objects (n 2 0). 
It is known that the projective dimension of any flat module over a given ring R is 
se+ 1 if any flat R-module satisfies (UK,). Moreover, if every object in a locally 
finitely presented Grothendieck category .& has the property (UK,), then the pure 
global dimension of d is cn + 1. 
It is the purpose of this paper to characterize the locally finitely presented 
Grothendieck categories whose objects satisfy the condition (UK,). We reduce this 
problem to a characterization of skeletally small preadditive categories %T for which 
%-Mod is locally coherent and every flat %‘oP-module has the property (UK,Z). 
Generalizing a result in [3] we show that for a category % with ‘X-Mod locally 
coherent the following statements are equivalent: 
(1) Every flat %‘“P-module has the property (UK,); 
(2) Every direct system of finitely generated projective CeoP-modules is N,- 
factorizable (for the definition see Section 2); 
(3) For every object C in %’ any directed decreasing family of finitely generated 
@-submodules of the Yoneda functor (C, -) has a cofinal subfamily of cardinality 
SK”. 
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1. Preliminaries 
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Let & be a locally finitely presented Grothendieck category and let fp(&) denote 
the full subcategory of J&! consisting of all finitely presented objects. A short exact 
sequence in d is called pure if every finitely presented object in d is relatively 
projective for it. An object in d is pure-projective (resp. pure-injective) if it is 
projective (resp. injective) with respect to pure epimorphisms (resp. pure 
monomorphisms). Every locally finitely presented Grothendieck category has 
enough pure-projective objects and enough pure-injective objects. We denote by 
P.pdA (resp. P.id.A) the pure-projective (resp. pure-injective) dimension of an 
object A in d. The pure global dimension of d will be denoted by P.gl.dim Sp. Finally 
Pext> is the pure extension functor (see [ll]). 
If ?Z is a skeletally small preadditive category we denote by %-Mod the category of 
w-modules, i.e. covariant additive functors from % to the category of abelian groups. 
We use the terminology and notations from [6] and [ll]. 
In the study of purity in %-Mod it is useful to consider the following faithful functor 
+ : %T- Mod + %YP-Mod 
defined by M’(-) = Hom,(M(-), Q/E) where Q/H is the additive group of the 
rational numbers modulo the integers. 
We start with the following (folklore) result which we state without proof (cf. [9, p. 
551). 
Proposition 1.1. Let (e be a skeletally small preadditive category and let M be a 
%-module. Then 
(a) An exact sequence 0 --, A + B + C + 0 of V-modules is pure if and only if the 
induced sequence 0 -+ C’ + B+ + A+ + 0 splits. 
(b) The canonical morphism oM : M --, M’+ is a pure monomorphism. 
(c) M is pure-injective if and only if the morphism o’~ splits. 
(d) M’ is pure-injective. 
Corollary 1.2. Suppose VoP-Mod is locally coherent and let M be a flat W-module. 
Then 
(a) M ++ is flat and pure-injective. 
(b) There exists a pure exact sequence 
O+M+I,+I,+. . .+I,,-+.. . 
where I,, is flat and pure-injective for all n 2 0. 
Proof. By Proposition 1.1 M ++ is pure-injective. Since M is flat M+ is injective. 
Recall that there is a natural homomorphism 
M+‘O~o~K -+ Hom(K, M+)+ 
Purity and generalized chain conditions 299 
for any %‘“P-module K which is an isomorphism whenever K is finitely presented (see 
[ll, p. 181). Because %?‘P-Mod is locally coherent we thus obtain an isomorphism 
Torl(Mt+, K) = Ext’(K, ,+)+ 
for any finitely presented VoP-module K. Since Mt is injective the right hand term 
vanishes and hence Torl(M++, K) = 0. Therefore M++ is flat and (a) is proved. By 
standard techniques (b) follows from (a) and Proposition 1.1. 
As an immediate consequence we get 
Corollary 1.3. Suppose +ZoP-Mod is locally coherent and let M be a flat %Y’P-module. 
Then P.id M c n if and only if Ext’(X, M) = 0 for all j > n and any flat %“P-moduleX. 
In particular, Mis pure-injective if and only iffor each pure monomorphism K + F with 
Fprojective the induced homomorphism Hom(F, M) + Hom(K, M) is surjective. 
We also obtain the following characterization of perfect functor categories 
Proposition 1.4. Let V2 be a skeletally smallpreadditive category such that V’P-Mod is 
locally coherent. The following conditions are equivalent: 
(4 The category %-Mod is perfect (i.e. every flat Z-module is projective). 
(b) Every flat W-module is pure-injective. 
Cc) Every countably generated projective V-module is pure-injective. 
(4 Every pure-injective flat W-module is projective. 
(e) Every pure-injective flat %‘-module is a Mittag-LefPer module. 
Proof. Since the implications (b)+(c) and (d)+(e) are obvious, it suffices to prove 
(a)*(b), (a)*(d), (c)*(a) and (e)*(a). 
(a)+(b). Let M be a flat %‘-module and consider the pure exact sequence 
O+M+M++-+K-+O. 
Since M” is flat and pure-injective, K is flat. By (a) the sequence splits, and hence 
M is pure-injective. 
(a)*(d) is proved similarly. 
(c)+(a). Let M be a countably presented flat %‘-module. By [ll, Theorem 2.121 
there is a pure exact sequence 
O+P,+P,,+M+O 
where PO and P1 are countably generated projective. By (c) the sequence splits and 
therefore M is projective. (a) now follows from [ll, Theorem 5.41. 
(e)+(a). Let M be a flat %-module. Since the monomorphism V~ : M+ M” is 
pure and by (e) M’+ is a Mittag-Leffler module we conclude from [ 11, Corollary 
3.181 that M is a Mittag-Leffler module. The assertion (a) now follows from [ll, 
Theorem 5.41. The proof of Proposition 1.4 is now complete. 
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When studying purity in a locally finitely presented Grothendieck category .& it is 
useful to consider the category L(d) = fp(&)“‘-Mod and the category D(d) = Sex 93 
of all left exact functors from 93 = fp(fp(d)-Mod) to abelian groups. There exist full 
and faithful embeddings 
such that for any objects A and B in .# there are natural isomorphisms 
Moreover, it can be shown that Im h consists of all flat objects in t(a) and Im t 
consists of all FP-injective objects in D(a) (see [3, 4, 11, 121). 
By means of the Corollaries 1.2 and 1.3 we then obtain 
Corollary 1.5. Let d be a locally finitely presented Grothendieck category. Then 
(a) P.id& A = P.idLcdj ha for any object A in ~4. 
(b) d has enough pure-injective objects. 
We shall also need the following result 
Proposition 1.6. Let %? be a skeletally small preadditive category and denote fp, = 
fp(%‘-Mod). Then D(CeoP-Mod) =fpe-Mod and t M = MO e - for any %‘OP-module 
M. 
Proof. By using the same type of arguments as in [4] (cf. also [2,3]) one gets a duality 
‘Z8 = fp(fpvop-Mod) = (fp(fpy-Mod))“P. 
Therefore 
D(VP-Mod) = Sex 93 = Sex(fp(fps-Mod))“P =fp%-Mod. 
Moreover, the asserted formula for t is readily checked. 
2. Condition (UK,) in categories 
Before stating our main results we recall the following definitions (cf. [4, 111). Let 
d be a locally finitely presented Grothendieck category and let m be either an infinite 
cardinal number or nt = K-1 (i.e. the cardinality of finite sets). An object M of d is 
called m-Artinian (resp. m-coperfect) if any decreasing directed family of subobjects 
(resp. subobjects of finite type) of M has a cofinal subfamily of cardinality sm. M is 
called m-Noetherian if all subobjects of M are m-generated. Form = K-i we get the 
usual concept of Artinian, coperfect and Noetherian objects. 
The proof of the following simple result is left to the reader. 
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Lemma 2.1. Ab object Mof & is nt-Noetherian if and only if any directed increasing 
family consisting of subobjects of Mof finite type has a cofinal subfamily of cardinality 
sm. 
As in [l l] we call a direct system (Mi, fii), i, j E I m-factorizable if for any i E I 
there exists a set Ji c {i E 1, jzi} of cardinality cm such that every morphism 
fki, k 2 i admits a factorization 
for some j E Ji. The m-factorizability of inverse systems are defined dually. 
We are now in a position to state and prove our main result which is a generaliza- 
tion of [3, Proposition 2. l] and [ll, Corollary 3.71. 
Theorem 2.2. Let % be a skeletally small preadditive category such that %-Mod is 
locally coherent. For any infinite cardinal number m the following conditions are 
equivalent: 
(a) Every flat GP-module is a directed union of m-presented pure submodules. 
(b) The category Sex fpe is locally m-Noetherian. 
(c) Every finitely presented V-module is m-coperfect. 
(d) For each C in % the V-module h c = (C, -) is m-coperfect. 
(e) Every direct system of finitely generated projective VZnP-modules is m-factoriz- 
able. 
If m = K, the above conditions imply that pd M < n + 1 for any flat %op-module M. 
Proof. (a)+(b). Since g-Mod is locally coherent the category fpv: of all finitely 
presented %-modules is Abelian; from [lo] it follows that Sex fp, is locally coherent 
and the functor X HX = (X, -) induces an equivalence fpgp = fp(Sex fpy). Thus to 
Prove (b) it suffices to show that any object x in Sex fps, X in fp,, is m-Noetherian. 
We first observe that any injective object I in Sex fp, has the form 
I=M@%-:fpe+Ab 
where M is a pure-injective and flat’+?‘-module. Indeed, it is well known that the 
inclusion functor Sex fp, + fpv-Mod has a left adjoint functor (cf. [ 11). Hence if I is 
injective in Sex fpg it is also injective in fp%-Mod. According to Proposition 1.6 we 
have fpe-Mod =D(VoP-Mod). Hence, by the Propositions 1.8 and 1.4 in [12] it 
follows that I = tM = MO 0 - for some pure-injective %‘oP-module M, which is flat 
since I is left exact. 
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Now, let X be an object in fp, and let K be a subobject of X in Sex fp,. The 
injective envelope of X/K in Sex fpv has the form f~ = MO e - for some pure- 
injective flat ~OP-module M Let u be the composition of the natural epimorphism 
X+X/K and the natural injection x/K + tM. By assumption there exists an 
m-presented pure submodule N of M such that there is a factorization 
0 - fN - t‘v 
\r u 11’ x 
Since N is flat and m-presented it is the limit of a direct system (P,, fii), i, j E I, of 
.finitely generated projective modules Pi where 111 <m (cf. [ll, Theorem 2.11). For 
any i E I let fi : Pi + N denote the natural direct limit morphism. Because X is a 
finitely generated projective fp;e-module there is for some i a commutative diagram 
For all j 3 i we set I.+ = thi, 0 Vi. Observe that if C is an object in %Z and hc = (-, C), 
then t,,,.= hc@p,-=(h c, -) = p. Consequently, for any i E I we have tpi = Xi for a 
suitable object Xi in fpV; since Sex fp, is locally coherent, tpi is a coherent object in 
Sex fp,. We now infer that Ker uj is of finite type for all j 2 i and from 
K=Keru=Keru’=UKerz+ 
i3l 
where 111 G m, we obtain that X is m-generated. Thus any finitely presented object in 
Sex(fps) is m-Noetherian and the implication (a)+(b) is proved. 
(b)+(c). Let Xi, jE J, be a directed decreasing family of finitely generated 
submodules of a finitely presented %-module X The functors X/Xj, jc.l, form a 
directed increasing family of finitely presented subobjects of X in Sexfpv. By 
assumption X is m-Noetherian and by the aid of Lemma 2.1 we conclude that there 
exists a cofinal subset X/Xi, j E Jo, \Jo( 5 m. Hence the set {Xj}, j E Jo, is cofinal in {Xi}, 
j E J and (c) follows. 
(c) 3((d) is trivial. 
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(d)+(b). It suffices to prove that for any C E % the functor gis m-Noetherian in 
Sex fpw. In fact, since any finitely presented object in Sex fpe has the form??, X E fp,, 
and there is an epimorphism F + X + 0 in fp, with F finitely generated free then we 
have a monomorphism X + F where F is m-Noetherian, F being a finite direct sum 
of objects of the form F, C E %‘. 
Now, let C be an object in %. Any subobject of finite type of pin Sex fp, is finitely 
presented and consequently has the form p/K, with K, in fp,. Similarly, as in the 
proof of the implication (b)+(c) it is now easy to check that (d) implies F is 
m-Noetherian. Thus (b) follows. 
(c)+(e) is established in the proof of Theorem 3.11 in [ 111. 
(e)=+(a) as well as the last statement of the theorem follow from [ll, Proposition 
3.41. 
The proof of Theorem 2.2 is now complete. 
Corollary 2.3. Let& be a locally finitely presented Grothendieck category and let m be 
an infinite cardinal number. The following statements are equivalent: 
(a) Every object in &? is a directed union of m-presented pure subobjects. 
(b) The category fp(d)-Mod is locally m-coperfect. 
(c) Any finitely presented fp(&)-module is m-coperfect. 
(d) Any direct system consisting of finitely presented objects in d is m-factorizable. 
(e) The category D(d) is m-Noetherian. 
If m = K,, n 3 0, the conditions (a)-(e) imply that P.gl.dim ti G n -t 1. 
Proof. Since fp(&) has cokernels the category fp(&)-Mod is locally coherent and we 
can apply Theorem 2.2 with %’ = fp(d). Using the remarks in Section 1 concerning 
the embedding h : d+ L(d) the equivalence of the first four conditions is an 
immediate consequence of the preceding theorem. 
To prove (b)e(e) we use the equivalences (cf. [lo]) 
fp(fp(zZ)-Mod = 95’ = fp(D(&))““. 
Since D(d) is locally coherent the equivalence (b) e (e) follows from Lemma 2.1. 
Let A be an object in &. It is known that A is limit of a direct system of finitely 
presented objects; moreover A is a directed union of m-presented pure subobjects if 
the system is m-factorizable (cf. [ll, Proposition 3.41). In view of Corollary 2.3 it is 
natural to ask whether the inverse implication holds true. We shall show that this is 
the case under the assumption that &? is locally coherent. 
Theorem 2.4. Let & be a locally coherent Grothendieck category and let m be an 
infinite cardinal number. If (Ai, fi,), i, j E I is a direct system of finitely presented objects 
in d and A = lim A,, then the following conditions are equivalent: 
(a) A is a directed union of m-presented pure subobjects. 
(b) The system (Ai, fii) is m-factorizable. 
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Proof. The implication (b)+(a) is contained in [ll, Proposition 3.41. 
(a)+(b). Suppose A is a directed union of m-presented pure subobjects and let 
fi :Ai + A be the canonical limit morphisms. For any i E I there exists an m- 
presented pure subobject K or A containing Im fi. Since & is locally coherent K is 
m-coherent in the sense that the kernel of any morphism X + K is m-generated 
whenever X is m-generated, (cf. [S]). In particular, Ker fi is m-generated for all i E I. 
In virtue of [8, Lemma 8.8, p.591 we infer that for each i E I there is a subset Li of I 
with 1~5, ( c m such that 
U Ker fki = U Ker fii. 
i<ktI l=ZiCL, 
Now, applying the arguments from the proof of Theorem 3.6 in [ll] we get the 
desired result. 
3. Examples 
Example 1. In the special case where the preadditive category %’ consists of only one 
object we get results on rings and modules. In particular Theorem 2.2 then yields 
characterizations of m-coperfect rings among the coherent rings. We remark that 
condition (c) in Theorem 2.2 implies condition (a) as well as the last statement of the 
theorem for any ring (not necessarily coherent). If a ring has cardinality <rn it will 
trivially satisfy condition (c). Other examples can be obtained by considering the 
trivial extension R @M (“principle of idealization”, cf. [7]) of any ring R of 
cardinality Grn by an arbitrary R-module M (with no restriction on (MI). More 
generally, let R and S be rings of cardinality cm and let A4 be an arbitrary 
(R-S)-bimodule. The ring of triangular matrices 
will satisfy condition (c) (on both left and right side). 
For m = K,, n finite, the projective dimension of any flat module over a ring of the 
above type is <ln + 1. (This implies that the left and right global dimensions of such 
rings cannot differ by more than n + 1). We remark that even for commutative 
Noetherian rings, K,-coperfectness is, of course, very far from being a charac- 
terization of rings whose flat modules have projective dimension in + 1. 
Concerning Corollary 2.3 a particular interest is attached to the case where ti is 
the category of left modules over a ring R and m = Ko. We call a left R-module M 
countably algebraically compact if every countable system of linear equations over M 
is solvable whenever any finite subsystem is solvable. If R satisfies the conditions of 
Corollary 2.3 any countably algebraically compact left R-module is algebraically 
compact. Using well-known model-theoretic results on saturation of ultraproducts 
one obtains the following result for rings R satisfying the conditions of Corollary 2.3: 
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Any ultraproduct nortI Ma/D of arbitrary left R-modules M, with respect to a 
non-principal ultrafilter D is algebraically compact. (Here D is assumed to be 
“w-incomplete”; however, it is consistent with Zermelo-Frankel set theory plus the 
axiom of choice to assume that every non-principal ultrafilter on any set I is 
“w-incomplete”.) Rings satisfying the conditions of Corollary 2.3 are: principal ideal 
rings with at most countably many maximal ideals, valuation rings of finite rank, 
one-dimensional local domains with countable residue field, and, of course, all 
countable rings. 
Example 2. By [ll, Proposition 3. lo] the endomorphism ring of any finitely 
generated projective m-coperfect object in a locally finitely presented Grothendieck 
category is right m-coperfect. For such a category & Corollary 2.3 implies that the 
endomorphism ring of any finitely presented object is left m-coperfect whenever any 
object in ~4 is a directed union of m-presented pure subobjects. 
Example 3. An example of a functor category for which any flat object is a directed 
union of &-presented pure subobjects is the category 98 of all bicommutative, 
connected graded Hopf algebras over a perfect field (cf. [13]). Since %’ is locally 
Noetherian it follows from Theorem 2.2 that any Noetherian object in X’ is 
&Artinian. 
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